LCL filters installed at converter outputs offer a higher harmonic attenuation than L filters. However, as a three order resonant circuit, it is difficult to stabilize and has a risk of oscillating with the power grid. Therefore, careful design is required to damp LCL resonance. Compared to a passive damping method, an active damping method is a more attractive solution for this problem, since it avoids extra power losses. In this paper, the damping capabilities of capacitor current, capacitor voltage, and grid-side current feedback methods, are analyzed under the discrete-time state-space model. Theoretical analysis shows that the grid-side current feedback method is more suitable for use in active power filters, because it can damp LCL resonance more effectively than the other two methods when the ratio of the resonance and the control frequency is between 0.225 and 0.325. Furthermore, since there is no need for extra sensors for additional states measurements, this method provides a cost-efficient solution. To support the theoretical analysis, the proposed method is tested on a 7-kVA single-phase shunt active power filter.
I. INTRODUCTION
In many grid-connected applications such as active rectifiers, distributed generating systems, and shunt active power filters (APFs), voltage source converters (VSCs) are commonly connected to the power grid through a simple L filter. In order to sufficiently attenuate the switching harmonics caused by VSCs, high values of inductances are usually needed. It makes the whole system bulky and less cost-efficient. It also causes a poor dynamic response, especially in high power applications. LCL filters seem to be a good solution for this problem, since they offer a higher harmonic attenuation even with smaller inductances when compared to simple L filters [1] - [5] .
However, as a three order resonant circuit, LCL filters are difficult to stabilize and have a risk of oscillating with the power grid, due to the zero impedance at the resonant frequency. Therefore, careful design is required to damp LCL resonance. A passive damping method [6] , using resistors in series with filter capacitors, provides a simple way to damp LCL resonance, but extra power is depleted by these damping resistors, which reduces the system efficiency and the attenuation of switching harmonics. Therefore, many active damping methods, which attempt to damp the resonance by control, have been proposed in the literature.
The most commonly used states for active damping are capacitor voltage and current. In [7] , the LCL resonance was damped by a lead-lag feedback of the capacitor voltage Manuscript received Dec. 8, 2010 ; revised Feb. 16, 2011 Recommended for publication by Associate Editor Jun-Keun Ji. † Corresponding Author: sy.tang@qq.com
Tel: +86-027-87543071, Fax: +86-027-87543658, HUST * Dept. of Electrical and Electronics Eng., HUST, China to the voltage command. This method was further analyzed in [8] in the z-domain. In [9] and [10] , instead of a leadlag compensator, the capacitor voltage was fed back to the voltage command through a high-pass filter. A more complex approach, using both a proportional feedback of the capacitor voltage with its lower frequency component and a lead-lag feedback with its high frequency component, was presented in [11] . In [12] - [14] , capacitor current feedback methods were used. Remarkable work on this method was recently presented in [15] and [16] , in which a proportional feedback of the capacitor current and a differential feedback of the capacitor voltage were further analyzed in the z-domain, with respect to the ratio of the resonance and control frequency. However, the analysis was based on the ability to damp the closed loop poles of a pre-designed PI controlled system inside unity circle. Since the phase characteristics of a damped LCL filter are quite different than those of an L filter [17] , the current controller is more suitable for designing after active damping. Another important work in this area was done in [18] by introducing the concept of a "virtual resistor", in which the differential of the capacitor current was fed back to the reference of the converter-side current to simulate a real damping resistor. Unlike these single state feedback methods, complete state information was used in [19] and [20] for current control. All of these methods require extra sensors to measure additional states in order to achieve the necessary damping, which increases hardware costs and reduces system reliability. In order to overcome these drawbacks, sensorless approaches were proposed in [9] and [21] , in which the required states were estimated instead of being measured. However, the control complexity of these methods was high. In this paper, the active damping methods using single state feedbacks are investigated under the discrete-time statespace model. The damping capabilities of these methods are analyzed based on the pole-location of the transfer function between the current controller output and the grid-side current. This is a benefit for the current controller design. The capacitor current, the capacitor voltage, and the grid-side current are chosen as feedback states. This is because their damping capabilities are only determined by the ratio of the resonance and control frequency, which will be illustrated in section III. Only proportion feedback is considered here because of its simplicity and availability. Theoretical analysis shows that the grid-side current feedback method is more suitable for use in active power filters, because it can damp LCL resonance more effectively than the other two methods when the ratio of the resonance and control frequency is between 0.225 and 0.325. Furthermore, this method provides a cost-efficient solution, since there is no need for extra sensors for the measurement of additional states. To support the theoretical analysis, the proposed damping method is tested on a 7-kVA active power filter.
II. SYSTEM MODELING
A single-phase voltage source converter is connected to the power grid through an LCL filter, as shown in Fig. 1 . The grid voltage u s is measured for the purpose of synchronizing the control with the grid voltage. The grid-side current i 2 is controlled to track the current reference. R 1 and R 2 are the equivalent resistors of the inductors L 1 and L 2 . C is the filter capacitor.
The converter-side current i 1 , the grid-side current i 2 and the capacitor voltage u c are chosen as states. The terminal voltage u i and the grid voltage u s are chosen as inputs. According to Kirchhoff's laws, the continuous state-space model of an LCL filter can be derived as:
where:
In order to accurately model the behavior of a PWM generator, the continuous model is discretized using the zeroorder hold method. The discrete-time state-space model can be derived as: Due to the sampling and control time of a DSP, the voltage command u 1 calculated during the present timestep can only affect the terminal voltage u i during the next timestep. This behavior can be modeled as:
By considering u i as an additional state and u 1 as a new input, this delay can be taken into account in the state-space model by rearranging the state equation [19] . The augmented discrete-time state-space model is then given by:
Suppose the output of a current controller is denoted by u p and the state feedback matrix is K, as shown in Fig. 2 . The transfer function from u p and u s to i 2 can be derived as:
A current control diagram is shown in Fig. 3 . G c (z) denotes a current controller. G p (z) denotes an equivalent plant with active damping, or without damping if K equals zero. The damping capabilities of the single state feedback methods are easily studied by analyzing the pole-locations of G p (z), since the state feedbacks do not change their zeros. The characteristic equation of the plant G p (z) is given by:
For the capacitor current, the capacitor voltage, and the grid-side current feedback methods, their corresponding matrixes K equal to k 1 −k 1 0 0 , 0 0 k 2 0 and 0 k 3 0 0 respectively. Where k 1 , k 2 and k 3 denote the values of each of the feedback gains.
III. DAMPING CAPABILITY ANALYSIS
To simplify the analysis, the equivalent resistances of the filter inductors are ignored in this section. The characteristic equations for the state feedback methods are shown in Table  I . In the equations for the capacitor current feedback and the capacitor voltage feedback, the poles located at unity are unchanged with or without active damping. Therefore, only the locations of the other three poles need to be analyzed. Instead of solving the roots of the characteristic equations, the root-locus of the corresponding transfer functions, as shown in Table I , are studied to analyze the damping capability. Since the values of ∆ 1 , ∆ 2 , and ∆ 3 can be tuned (by tuning k 1 , k 2 and k 3 ) by the designer, the only factor determining the damping ability is θ , which is the product of the LCL resonant angle frequency and the sampling period.
For design purposes, the ratio of the resonance and control frequency is more suitable for consideration as the determinant of damping ability. The relationship between the ratio γ and θ is:
Fig . 4 shows the root-locus (only the parts locate inside the unity circle) of the corresponding transfer functions when γ changes from 0.05 to 0.4 with intervals of 0.025. For the capacitor current and the voltage feedback methods, the root-locus is symmetrical with respect to the imaginary axis, because the two transfer functions have the same poles and symmetrical zeros. The max damping factor that can be acquired by each method is shown in Fig. 5 . When γ < 0.225, the capacitor voltage feedback is the best way to damp the LCL resonance, when γ > 0.325, the capacitor current feedback is the best choice, and when 0.225 < γ < 0.325, the grid-side current feedback offers the best damping ability.
Along with the damping factor, the damped frequency and the changes of the rest poles should also be considered. For example, when γ is quite small, excess damping using capacitor voltage feedback will cause the damped frequency to be very low, which introduces a large phase lag in low frequencies. As another example, sufficient damping achieved by grid-side current feedback usually makes the rest poles become a pair of conjugate poles, which badly reduces the low frequency gain of G p (z). In such cases, compensation should be included in the current controller.
In addition, the ratio γ is not an optional parameter for active damping purposes. The control frequency (or switching frequency) is determined by carefully considering the current control capability and reasonable switching losses, while the resonant frequency is determined for the purpose of harmonic attenuation. The ratio γ is determined before the active damping design process. If the current reference is fundamental, such as in the application of active rectifiers and distributed generating systems, the resonant frequency is usually quite low to sufficiently reduce the switching harmonics. This would result in a very small value for γ, which makes the application of the grid-side current feedback method impossible. The capacitor current or voltage feedback methods are more suitable for damping the LCL resonance in these applications. However, for active power filters, the resonant frequency should be much higher to ensure a high current control bandwidth. The value of γ is usually in the range of 0.225 to 0.325. Besides the best damping capability, the grid-side current feedback method dose not require additional measurements, which provides a cost-efficient solution. The application of this method in a single-phase active power filter will be detailed in the following section.
IV. APPLICATION IN APF
The main circuit and the control of a single-phase shunt APF is shown in Fig. 6 . The APF has two major tasks. One is to generate a current reference i 2re f , which contains not only harmonics and a reactive current injected by disturbing the load, but also a fundamental active current generated by the dc voltage controller to maintain the dc link voltage. The other one is to control the grid-side current i 2 to track this current reference, leaving only the fundamental active current to be supplied by the power grid. The main parameters of this APF are shown in Table II . The LCL resonant frequency is 5877Hz, and the ratio γ is 0.2939.
A. Active Damping
The grid-side current feedback method is used to damp the LCL resonance in this APF. The resistances ignored in the last section are taken into account for precise analysis. The polezero maps of G p (z) with different values of k 3 , are shown in Fig. 7 . As the resonant poles are damped into the unity circle when k 3 become lager, another pair of conjugate poles is formed and moves towards the unity circle. Both pairs of poles are considered for damping purposes. When k 3 equals 11, the maximum damping factor is achieved. Control and sampling frequency 20 kHz Fig. 7 . Pole-zero maps of G p (z) with different k 3 . Fig. 8 . Bode plots of G p (z) with and without active damping.
The bode plots of G p (z) both with and without active damping are shown in Fig. 8 . Although the LCL resonance is sufficiently damped by the proposed method, the changes in the rest poles badly reduce the low frequency gain of G p (z).
Compensation is needed for current control purposes. Since the lower frequency conjugate poles are far from the unity circle, the pole-zero cancellation method can be used to assign the two poles to desired locations. Usually they are the same as G p (z) without damping. However, to compensate the phase lag of G p (z) so as to improve the phase margin of the current control, the compensator transfer function is chosen as:
A bode plot of G 1 (z)G p (z) is also shown in Fig. 8 . Its lowfrequency gain is quite close to the plant without damping, and the phase lag compensation is achieved at around 2.5kHz.
B. Current Controller Design
The current control of shunt APFs is a challenging task, due to the current harmonics that have to be generated. Generalized integrators, with the virtue of infinite gains at concerned harmonic frequencies, can track these harmonic references with zero steady-state error, and are wildly used in shunt APFs. However, to compensate higher order harmonics, the generalized integrator must contain a term of delay compensation [22] . Two types of modified generalized integrators are commonly used for this purpose. One is the sum of the sine and cosine based generalized integrators with desired weights [23] , [24] , and the other is derived from a vector PI controller in the harmonic frame [22] , [25] . The later is adopted in this paper, because it can also relieve of the undesired magnitude peak around the concerned harmonic frequency in a closed loop.
Twenty five generalized integrators are paralleled to compensate for all of the odd harmonics bellow the 50 th . The transfer function in the s-domain can be written as:
where, ω 1 is the fundamental angle frequency, R is the sum of R 1 and R 2 , and k i is the gain for each of the generalized integrators. Values of k i that are too small make the current controller very sensitive to grid frequency variation, and result in a poor dynamic response. Values of k i that are too large deteriorate the system phase margin, and in the worst case they can make the system unstable. The values of k i must be carefully designed. Optimization of these parameters is a difficult job. However, this is beyond the scope of this paper. Here, the same value for each k i is considered. Finally, to ensure a reasonable phase margin, 50 is chosen for each k i . The discrete version of G 2 (s), G 2 (z), is derived using the Tustin transformation with a pre-warp at each of the concerned harmonic frequencies. The current controller transfer function and the open loop transfer function can be written as: 
A bode plot of G open (z) is shown in Fig. 9 . The system phase margin is over 40 • . A bode plot of closed a loop transfer function is shown in Fig. 10 . Unity gain and zerophase are achieved at each concerned harmonic frequency, and the maximum magnitude peak is less than 3dB.
C. Influence of the Grid Voltage
From Fig. 3 , the transfer function between the grid voltage and the grid-side current can be derived as:
where, E(z) denotes the error transfer function of the current control. Bode plots of G s (z) with and without damping are shown in Fig. 11 . The LCL resonance is as well damped as G p (z), since they have the same poles. This is very important, because the gain of the error transfer function at high frequencies is almost unity. As a result, an undamped resonance would have a risk of oscillating with the power grid, regardless of whether the control is stable or not. Furthermore, the low-frequency gain of G s (z) is as sufficiently reduced as G p (z). However, this time it is profitable from the view point of disturbance rejection. The feed forward of the grid voltage is not necessary with the proposed damping method. A bode plot of G r (z) is shown in Fig. 12 , which is only different from G s (z) near the concerned harmonic frequencies. This is due to the selectivity of the current controller. Fig. 11 . Bode plots of G s (z) with and without damping. 
V. EXPERIMENTAL RESULTS
The proposed active damping method is tested on a 7-kVA active power filter as shown in Fig. 6 . The system parameters are the same as those presented in section IV. The dc link voltage is controlled by a PI controller with a cut-off frequency of 3Hz. The grid voltage u s and its π/2 lag value (approximated by the value of a fixed timestep delay of u s ) are transferred into the synchronous reference frame. Synchronization of the grid phase is achieved by controlling the q-axis component to be zero. The fundamental active current of the load current i L is extracted by the sliding-window iterative DFT (Discrete Fourier Transform) algorithm. Then the harmonics and the reactive current reference are generated by subtracting the fundamental active current form the load current. All of the control algorithms are implemented with a TMS320F2812 fixed-point DSP. The experimental waveforms are measured using a DL750 scopecorder.
Steady-state waveforms with a load resistance of 5Ω are shown in Fig. 13 . The grid-side current is measured with a bandwidth of 5kHz, because it is measured inside the chest of the APF, and suffers from a high EMI. All other quantities are measured with a full bandwidth. The harmonic spectrum of the grid current after compensation is shown in Fig. 14(a) . All of the odd harmonics bellow the 50 th are well compensated for due to the generalized integrators. The THD (Total harmonic distortion) of the grid current is less than 4.01% (0.8% within 50 order), while the THD of the load current is 38.29%. The appearance of a small protuberance at around 6kHz in the grid current spectrum is not caused by the pool damping. The load current spectrum has the same one, as in Fig. 14(b) .
The damping and control performance is also tested under transient conditions. Fig. 15 shows the APF behavior when it starts to compensate for the load disturbing current. The load resistance is 10Ω in Fig. 15(a) , and 5Ω in Fig. 15(b) . The transient performance of the APF, when the load resistance changes from 10Ω to 5Ω, is shown in Fig. 16 . In all of these conditions, no oscillation occurs in the transient process, and the transient time is about 100ms.
VI. CONCLUSION
Active damping methods using capacitor current, capacitor voltage, and grid-side current feedbacks, are analyzed in this paper. Their damping abilities are determined by the ratio of the resonance and control frequency. When the ratio is smaller than 0.225, the capacitor voltage feedback method is the best way to damp the LCL resonance, when the ratio is larger than 0.325, the capacitor current feedback method is the best choice, and when the ratio is in the range of 0.225 to 0.325, which is quite similar to that of active power filters, the grid-side current feedback method offers the best damping capability. Another advantage of this method is that there is no need for additional measurements, which provides a cost-efficient solution. Furthermore, feed forward of the grid voltage is not necessary, because the low-frequency gain of the transfer function from the grid voltage to the gridside current is sufficiently reduced with this damping method. Experimental results on a 7-kVA active power filter verify the theoretical analysis.
